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Abstract 



^ . Reference [1] established an index theory for a class of linear self adjoint operator equations 

o ■ 

■ covering both second order linear Hamiltonian systems and first order linear Hamiltonian sys- 



tems as special cases. In this paper based upon this index theory we construct a new reduced 



' functional to investigate multiple solutions for asymptotically linear operator equations by Morse 

theory. The functional is defined on an infinite dimensional Hilbert space, is twice differ entiable 
and has a finite Morse index. Investigating critical points of this functional by Morse the- 
ory gives us a unified way to deal with nontrivial solutions of both asymptotically second order 
Hamiltonian systems and asymptotically first order Hamiltonian systems. 
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1 Introduction and main results 

Let X be a real separable infinite dimensional Hilbert space with inner product (•, •) and norm || • ||. 
Let A : D{A) C X — > X be a unbounded linear self-adjoint operator with domain D{A) satisfying 
cr(A) = (Td{A). We investigate the following equation 

Ax-&(x) = 0, (1.11 



"Partially supported by the National Natural Science Foundation of China(10871095) 



1 



where <3? G C 1 (X) and is the derivative of $ with respect to x in X. This equation covers both 
second order Hamiltonian systems and first order Hamiltonian systems as special cases. We will 
construct a new reduced functional to investigate (1.1) by Morse theory. The functional is defined 
on an infinite subspace of X, is twice differentiable and has a finite dimensional Morse index at its 
any critical point. The main result is the following theorem. 
Theorem 1.1. Assume that 

(i) exists and is bounded for $'(0) = 0, <3? G C 2 {V) with V := B(\A\^); 

(ii) there exists B\, B 2 G L S (X) satisfying ia{B\) = i A (B 2 ), u A {B 2 ) = and B : X — > 
L S (X), C : X ->• X such that 

&(x) = B(x)x + C(x) for any x, 
Bi < B(x) < B 2 , C{x) is bounded; 

(iii) with B := &"(9) we have 

i A {Bi) i [i A {Bv),iA{Bo) + v A {Bv)}. 

Then (1.1) has a nontrivial solution x = xq. 
Under the further assumption that 

(iv) ua(Bq) = and \tA(Bi) — ia(Bq)\ > i/a(&"{xq)), (1.1) has two nontrivial solutions. 

In the theorem we used notations (ia(B),va(B)) concerning the linear selfadjoint operator 
equation 

Ax - Bx = (1.2) 

for any B 6 L S (X), which will be defined as follows. 
Definition 1.2 For any B G L S (X), we define 

v A {B) = dimker( J 4 - B). (1.3) 

v A {B) is called the nullity of B. 

Definition 1.3 For any B\,B 2 G L S (X) with B\ < B 2 , we define 

I A (B 1 ,B 2 )= J2 " A)Bi + XB 2 ); (1.4) 

Ae[o,i) 

and for any B\,B 2 G L S (X) we define 

Ia{B\, B 2 ) = I A {Bi,kI) - I A {B 2 , kl) (1.5) 
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where I : X — > X is the identity map and kl > Bi,kl > B 2 for some real number k > 0. We call 
I A {B\,B 2 ) the relative Morse index between B\ and B 2 . 

Let Bq G L s (X) be fixed and let i A {Bq) be a prescribed integer associated with Bq. 
Definition 1.4 For any B G L S (X) we define 

i A (B) = i A (B )+I A (B ,B). (1.6) 

As in [1] we call i A (B) the index of .B and za(-Bo) is called initial index. Generally, the initial 
index can be any prescribed integer and the index i A (B) also depends on Bq and the initial index. 
Let X\ be a nontrivial subspace of X. For B\,B 2 G £ S (X) we write -Bi < £>2 with respect to X\ 
if and only if (B\x, x) < (B 2 x, x) for any x G X\; we write Si < B 2 with respect to Xi if and only 
if (Bix, x) < (B 2 x, x) for any x G Xi\{6}. If X x = X we just write B 1 < B 2 or B 1 < B 2 . 

Theorem 1.5 (i) For any B,B 1: B 2 G L S (X), v A (B) G N, I A (Bi,B 2 ) G Z and 1^(5) G Z are 
well-defined; 

(ii) For any Bi,B 2 G L S (X), I A (B\,B 2 ) = i A {B 2 ) — i A (Bi), and if B\ < B 2 with respect to 
Ker(,4 - (1 - X)B 1 - XB 2 ) / {9} for t G [0, 1), then (1.4) holds; 

(iii) For any B u B 2 , B 3 G L a (X), I A (B U B 2 ) + I A (B 2 , B 3 ) = I A {B U B Z )- 

(iv) For any B\,B 2 G L S (X), if Bi < B 2 , then < i A (B 2 ), ^(#i) + u(^i) < ^(5 2 ) + 
i A (B 2 ); if Si < #2 with respect to Ker(^l - B{), then i/a(-Bi) + i A {B{) < i A (B 2 ). 

(v) If there exists Bq G L a (X) such that J2\<o u a{Bq + XI) < +oo, we will choose this integer 
for i A (B ). Then the index defined by Definition 1.3 satisfies 

i A (B) = J2^A(B + XI). (1.7) 

A<0 

In [1] an index theory for Ax + Bx = was established by the concept of relative Morse index 
and dual variational methods. Here we discuss (1.2) instead only because the new form will bring 
convenience to the proof of Theorem 1.1 as will be seen in Sections 4-5. In [1] it was assumed that 
A satisfies the following condition: 

(A): A : Y — > X is linear bounded, symmetric i.e. (Ax,y) = (x,Ay) for any x,y G Y, R(A) 
is closed in X and X = R(A) ker(A), where X is a real separable infinite dimensional Hilbert 
space, Y C X is a Banach space and the embedding Y > X is compact. 

In order to prove Theorem 1.5 we first prove the following proposition. 

Proposition 1.6 A : D{A) C X — > X is selfadjoint and a(A) = ad{A) if and only if A satisfies 
condition (A). 
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Proof. Sufficiency: Denote all the eigenvalues of A with multiplicities by {Xj}j° = _ oa satisfying 
Aj < Aj + iVj and A^ — > ±00 as j — > ±00. There is a unit orthogonal basis {ej} of X such that 
X = {££_«, WlEc* < 00} and £>(A) = ^,1 £~ -oo(l + < 00}. For any 

x = Ej2=-oo c i e i e because x n := Y^=- n c j e j e ^(^) an< ^ x n — > x in X. Thus, D(A) is 
dense in X. In order to prove the adjointness of A we need only D(A*) C D(A). In fact, assume 
x = Ej^-00 c j e j e -D(^4*)- By definition there exists a constant C > such that \(Ay, x)| < C\\y\\ 
for any y G £>(A). If we choose y = YJj=-n X j c j e 3 G £>(A) V n, then £™ = _„A 2 c 2 < C 2 . Thus 
x G D(A). 

Necessity: Because a (A) = a d (A), by definition, D(A) = {x G Ar|£ Ae(Jd ( j 4)(l + A 2 )||£ , ({A})x|| 2 < 
00}; and VA G <J d (A), A is isolated and E({X})X = ker(A-XI), the embedding (D(A), \\ ■ \\ G ) ■->■ X 
is compact. To finish the proof, we prove R(A) is closed. In fact, any x G X satisfies x = 

E\e* d (A) E (i x }) x - If x -L fcer(A), then x = E\e* d (A)\{o} E (i x }) x and £Aea d (.4)\{o} i^({A})x G 
D(A). This means that R(A) = (kerA) 1 - is closed. | 
Proof of Theorem 1.5 We give two proofs. 

Step 1: Set A± := —A. Because A is selfadjoint and cr(A) = a d (A), so does A\. By Proposition 
1.6, A\ satisfies condition (A). From [1, Definitions 3.1.1, 3.1.2 and 3.1.3] (i Al (B),v Al (B)) is 
defined. Denote (i Al (B),v Al (B)) by (i A (B),v A (B)). Then (1.3), (1.4), (1.5) and (1.6) are satisfied. 
And [1, Propositions 3.1.4 and 3.1.5, and Lemma 3.2.1] imply all the conclusions of Theorem 1.4. 

Step 2: Because a(A) = (Jd(A), every eigenvalue is isolated and corresponds to a finite dimen- 
sional subspace of eigenvectors. Let — fi ^ c(A). Then A + ixl is invertible. For any B G L S (X) 
and such a \i > large enough satisfying B + jjlI > I, the following bilinear form 

iI>a,kb(x, y) = {{B + tiiy l x, y) - {{A + fil^x, y), Vx, y G X 

has finite Morse index m A (B) and finite Morse nullity m A (B). Because the first term in ip AjK B 
is the same with the second term in iI>a,b\b defined by (3.5) in [1] when Bq = fj,I, and the left 
terms in both these two bilinear forms do not depend on B, all the associated conclusions of [1, 
Theorem 3.2.4] hold, and from which in a way similar to the proofs of [1, Propositions 3.1.4 and 
3.1.5] we can complete the proof. | 

Many authors investigated (1.1) and its special cases-first order or second order Hamiltonian 
systems. We refer to [2,3,4,5,6,7,8,17] for references. Reference [1] investigated (1.1) by Morse 
theory only in the case c(A) is bounded from below and the result cannot apply to first order 
Hamiltonian systems. However, Theorem 1.1 applies to both second order Hamiltonian systems 
and first order Hamiltonian systems respectively. The paper will be organized in the following 
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way. In Section 2 as applications of Theorem 1.1 we investigate first order and second order 
asymptotically Hamiltonian systems. In Section 3, we construct the mentioned reduced functional. 
In Section 4 we investigate properties of the Morse index of the functional at any critical point. 
And in the last section we prove Theorem 1.1 by Morse theory. 

2 Applications of Theorem 1.1: Nontrivial solutions for asymp- 
totically linear Hamiltonian systems 

In this section as applications of Theorem 1.1 we investigate nontrivial solutions of both first order 
Hamiltonian systems and second order Hamiltonian systems satisfying various boundary value 
conditions. 

2.1 Hamiltonian systems satisfying Bolza boundary value conditions 

As in [1, Section 3.4] we are interested in the index theory for the following Hamiltonian system 

-Jx- B(t)x = (2.1) 
xi(0)cosa + x 2 (0)sina = (2.2) 
xi(l)cos/3 + x 2 (l)sin/3 = (2.3) 

where B G L°°((0, 1); GL s (R 2n )), <a<vrand0</3<7r,x = (x ± ,x 2 ) G R n x R n . Define 
X := L 2 ([0, 1];R 2 ™), D(A) = {x G fl^flO, 1]; R 2 ")|x satisfies (2.2 - 2.3)}, (Ax){t) = -Jx(t) for any 
x G D(A), and (Bx)(t) = B(x)x{t) for x G L 2 ([0, 1],R 2 ™) . Then D(A) with the graph norm || • || G 
is a Banach space and the embedding from D(A) to X is compact. It is also easy to check that A 
is symmetric i.e. (Ax,y) = (x,Ay) for any x,y G D(A). As proved in [1] there hold that R(A) is 
closed in X and X = R(A)® ker(^4). So we have the following definitions and properties. 

Definition 2.1[1, Definition 3.4.4] For any B G L°°((0, 1); GL S (R 2 ™)), we define 

u^ p (B) := dimker(,4 - B), 
</j(diag{0,J n }) :=i a In>a ,f,(0), 

€A B ) ■= <^(diag{0,/ n }) +/^(di ag {0,/ n },5); 

and 

I f a ^B u B 2 )= Yl ^ >j8 ((l-A)Bi + AS 2 ) as B l < B 2 , 
Ae[o,i) 

ll p {B l ,B 2 ) = I i a p{B 1 ,kI)-ll p {B 2 ,kI) for every B ± ,B 2 with M > B u kl > B 2 

5 



where for any B G L°°([0, 1]; GL s (TL n )), {i s i n ^{B),vj n ^{B)) G Nx {0, 1, 2, • • • , n} will be defined 
in Definition 2.5. 

Proposition 2.2[1, Proposition 3.4.2] We have the following properties: 

(i) For any B G L°°((0, 1); GL S (R 2n )), i/ p(B) is the dimension of the solution subspace of 
system (2.1-2.3) and 

((^),^(B))eZx{0,l ) 2 ) ..-,n}. 

(ii) For any B U B 2 G L°°((0, 1);GL S (R 2 ™)), if Bi < B 2 , then i f a ^{B{) < i f a/j (B 2 ) and i f a/j (B 1 ) + 
</3(^i) < <^(S2) + ^(Bi); if Bi < B 2 then i^B,) + ^(B^ < i{^(B 2 ). 

(iii) For any B G L°°((0, l);GL s (R n )), there holds 

(<^(diag{B,/ n }),^ i/3 (diag{B,/ n })) = (i/ njaj( g(B), v s Ina p(B)). 

Here for any Bi, B 2 G L°°([0, 1]; GL s (R 2n )), we write Bi < B 2 if Bi(t) < B 2 (t) for a.e. 
t G [0, 1]; and we write B\ < B 2 if B\ < B 2 and B\{t) < B 2 {t) for t belonging to a subset of (0, 1) 
with nonzero measure. If B\ < B 2 then B\ < B 2 ; and if B\ < B 2 then B\ < B 2 with respect to 
Kei(A — B\). So Proposition 2.2(h) follows from Theoreml.5(iv) directly. 

We now use this index theory to discuss the solvability of the following Hamiltonian system 
(2.2-2.3) and 

- Jx- H'(t,x) = 9, (2.4) 

where H : [0, 1] x R 2n — > R 2n is differentiable and H'(t,x) is the gradient of H with respect to x. 

Let H"(t, x) denote the second derivative of H(t, x) with respect to x. We have the following 
theorem. 

Theorem 2.3. Assume that 

(i) H"(t,x) is continuous and is bounded for (t,x) G [0, 1] x R 2n , and H'(t,6) = 6; 

(ii) there exists B 1; B 2 G L°°([0, 1];GL S (R 2 ")) satisfying = i f a ^{B 2 ), v{^{B 2 ) = and 

Bi(t) < H"(t, x) < B 2 (t) V(t, x) G [0, 1] x R 2n with \x\ > r > 0; 

(iii) with B := H"(-,9) we have 

< / 3(Bi)^[< /3 (Bo),< /3 (Bo) + < /3 (Bo)]. 

Then (2.4) (2.2-2.3) has a nontrivial solution. 
Under the further assumption that 

(iv) ^^(Bo) = and \i a p{B\) — i a p{Bo)\ > n, (2.4)(2.2-2.3) has two nontrivial solutions. 
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Define 

$(x)= f 1 H(t,x(t))dt VxGl (2.5) 
Jo 

It is easy to check that (2.4)(2.2-2.3) is equivalent to (1.1). So in order to prove Theorem 2.3 
by Theorem 1.1 we only need the following lemma. 
Lemma 2.4 (i) $ G C 2 (V); 

(ii) Under assumption (ii) of Theorem 2.3, there holds 

H'(t,x) = B(t,x)x + C(t,x) 
Bi(t) - ei/ 2 n < B(t,x) < B 2 (t) + e x I 2n 

where for any x e X, B(-,x(-)) G L S (X) e x > satisfying i f aj3 (Bi - eil 2n ) = i f a ^(Bi) = i f aJ3 (B 2 ), 
u a p(B 2 + e\I 2n ) = 0, and C(-,x(-)) G X is uniformly bounded. 

Proof, (i) From [1] it follows that a(A) = aa(A) C R, and aa{A) is unbounded from both 
above and from bellow. In fact, if A / is an eigenvalue of A with an eigenvector e XJt c for 
c G R 2n , then for any integer k, A + 2/c7r is also an eigenvalue with the eigenvector e ( x + 2n ) Jt c , 
Note that V = {X^L-oo c j e j\ X)^=-oo(l + l-\/'l) c f < °°}> where {e-,} is an orthonormal basis of 
X, {Xj} is all the eigenvalues of A with multiplicities and Xj < Xj + \ Vj. For any x,xo G F and 
ii = J2j^=-oo c j e j> v = J2j^=-oo c 'j e j ^ ^ satisfying \\u\\v < 1 and ||w||y < 1, we have |cj| < 1, 
\c'j\ < 1, and by assumption (ii) 3M > such that | \H"(-, x(-))u\ \ < M\\u\\ for any x,u G X. 
Hence, 



\\ty(x) - &{,(xo)\\ v = sup I j l \(H"(t,x(t)) - H"(t,x (t)))u(t),v(t))dt\ 

ll«llv<l,IHIv<l J ° 

< jr | j 1 {{H"(t,x(t)) - H"(t,xo(t)))ej(t),ei(t))dt\ +4M(— — ^ — - + jt-— r) 
-=_ n •><> |A_„_i| |A n+ i| 

Because Xj — >■ ±oo as j — )■ ±oo and from Theorem 4 in page 97 of Ekeland's book[13] it follows 
that for fixed i,j as x — > xq in X 

f\(H"(t,x(t)) - H"(t,xo(t))) ej (t),ei(t))dt -> 0; 

JO 

we obtain 

|K(x)-^(x )||y -+0 

as x — > xo in V. 
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(ii) From assumption (ii) there exists ei > such that r a ^(Bi — e\I n ) = i a p{B{), i a p{Bi + 
ei-fn) + u a/3(^ 2 + e iln) = i^pi^)- And we can choose 5 G (0, 1) such that 

- ei/2 < SBi < 5B 2 < e 1 /2, and 8M < 

Define 

B(t,x) = f 1 H"(t,0x)d0 i£\x\>r/6, 
Jo 

= B\(t) otherwise; 

and C(t,x) = H'(t,x) - B(t,x)x. Then for any x G X,B(-,x(-)) G L s (X),Bi - el 2n < B(-,x(-)) < 
B 2 + el2n and C(-,x(-)) G X is bounded uniformly for The proof is complete. | 

Remark. In the special case a = 0, j3 = ir, Theorem 2.3 was given in [10]. However the 
proof there is not correct because generally the integral functional defined by (2.5) is not twice 
differentiable in L 2 ([0, 1]; R 2n ) even we assume H"(t,x) is continuous and bounded for (t,x) G 
[0,1] x R 2n . 

Theorem 1.1 can also be used to investigate second order Hamiltonian systems satisfying Sturm- 
Liouville boundary value conditions. Recall that an index theory has been established in [1] for the 
following system: 

-x-B(t)x = (2.6) 
x(0)cosa - 2/(0) sin a = (2.7) 
x(l)cos/3-x / (l)sin/3 = (2.8) 

where < a < it and < /3 < ir. 

Definition 2.5 [1, Definition 2.3.2 and Proposition 2.3.3] We define 

v^JB) is the dimension of the solution subspace of (2.6 — 2.8) 

A<0 

As before (i s a g(B), v s a g(B)) has useful properties, which can be found in [1]. This index can be 
used to investigate the following nonlinear Hamiltonian system (2.7-2.8) and 

-x-V'(t,x) = 0, (2.9) 

where V : [0, 1] x R n — > R n is continuous and V'(t, x) denotes the gradient of V(t, x) with respect 
to x. Let V"(t,x) denote the second derivative of V(t,x) with respect to x. We have the following 
theorem. 
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Theorem 2.6 Assume that 

(i) V"(t,x) is continuous and is bounded for (t,x) G [0, 1] x R 2n , and H'(t,8) = 9; 

(ii) there exist B 1: B 2 G L°°([0, 1]; GL s (R n )) satisfying i* >j9 (Bi) = £ >ja (B 2 ), i£ >j9 (B 2 ) = and 

#i(t) < V"(t,x) < B 2 (t) V(t,x) G [0,1] x R n unt/i |x| > r > 0; 

(iii) with B := F"(-,0) we have 

Then (2.9) (2.7-2.8) has a nontrivial solution. 
Under the further assumption that 

(iv) ^fl(So) = and \i s a JB{) - i s a JB )\ > n, (2.9)(2.7-2.8) has two nontrivial solutions. 
Proof Define xi = x,x 2 = -x,x = (x 1 ,x 2 ) and H(t,x) = V(t,xi) + \\x 2 \ 2 . Then (2.9)(2. 7-2.8) 

is equivalent to (2.4)(2.2-2.3). Under assumption (ii) we have V'(t,xi) = B(t, xi)xi + C(t,x±) as 
before. Because i s a p(B) = v a ^(diagjS, I n }), the result follows. | 
Remark For the special case a = 0, j3 = n this theorem was obtained in [1, Theorem 2.3.7], 
and [9, Theorem 3.3] by different methods. 

2.2 Hamiltonian systems satisfying periodic boundary value conditions 

Consider the following linear system 

-Jx - B(t)x = 

x(l) = Px(0) (2.10) 

where P G Sp(2n) is prescribed. Define X := L 2 ([0, 1]; R 2n ), D(A) := {x :G ^([0, 1]; R 2n )|x 
satisfies (2.10)}. Then the embedding from D(A) to X is compact. Define (Ax)(t) := —Jx(t) for 
every x G D(A). Similar to Proposition 7 in page 22 of Ekeland's book[13], for the given P G Sp(2n) 
there exists A G R such that (e JA — P)c = for some c ^ 0. So A is an eigenvalue of A with an 
eigenvector e Jtx c. We can check A + 2kn is also an eigenvalue of A with the eigenvector e * 7 *( A + 27r ) c . 
As in Lemma 2.4 A is selfadjoint and c(A) = <Jd{A) is unbounded from both bellow and above. 

Choose ip(0) := ip{I 2n ) defined by Definition 2.2 in [11]. We have the following definition. 

Definition 2.7[1, Definition 3.5.1] For any B G L°°((0, l);GL s (R 2n )), we define 

v P (B) = dimker(A - B), 
i f P (B) = i p (0)+I P (0,B); 
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and 

4(Si,B 2 )= J2 v f p {{\-X)B l + \B 2 ) as B 1 <B 2 , 
Ae[o,i) 

I f p (B 1 ,B 2 ) = I f P {B u kid) - I P (B 2 , kid) for every B 1 ,B 2 with kl > B^kl > B 2 . 

From Theorem 1.5 we have the following proposition. 

Proposition 2.8[1, Proposition 3.5.2]. (i)For any B G L°°((0, 1);GL S (R 2 ™)), we have 
v P (B) G {0,1,2,- ■■ ,2n}. 

(ii) For any B U B 2 G L°°((0, l);GL s (R 2n )) satisfying B 1 < B 2 , we have i£(J3i) + v{,(Bi) < 
i f P (B2). 

We now discuss the solvability of the following nonlinear system (2.4) (2.10) 

-Jx-H'(t,x) = 
x(l) = Px(Q) 

where H : [0, 1] x R 2n — > R is differentiable and P £ Sp(2n) is prescribed. 
Theorem 2.9. Assume that 

(i) H"(t,x) is continuous and is bounded for (t,x) G [0, 1] x R 2ri , and H'(t,9) = 9; 

(ii) there exists B ± , B 2 e L°°([0, 1]; GL s (R 2n )) satisfying i f P {B{) = i f P (B 2 ), u f p (B 2 ) = and 

Bi(t) < H"(t,x) < B 2 {t) V(t, x) G [0, 1] x R 2n mt/i \x\ > r > 0; 

(iii) with 5 := H"(-,0) we have 

i{,(Bi) ^ [iJ(So),i{,(Bo) + ^(B )]. 

Then (2.4)(2.10) has a nontrivial solution. 
Under the further assumption that 

(hi) i/p(Bo) = and \i p {B\) — i p (Bo)\ > 2n, (2.4)(2.9) has two nontrivial solutions. 

Similar to Lemma 2.4 $ G C 2 {V). Also similar to Theorem 2.6, Theorem 2.9 follows from 
Theorem 1.1. 

Set i f (B) = i{ 2n (B) for any B G L°°([0, l];GL s (R 2n )), i s (B) = if({B,I n }) for any B G 
L°°([0, 1];GL S (R™)). Concerning periodic solutions of Hamiltonian systems we have the follow- 
ing theorems. 

Theorem 2.10. Assume that 

(i) H"(t,x) is continuous and is bounded for (t,x) G [0, 1] x R 2ri , and H'(t,8) = 6; 
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(ii) there exist B u B 2 € L°°([0, 1]; GL s (R 2n )) satisfying i* {B{) = i f (B 2 ), v f {B 2 ) = and 

Bi(t) < H"(t, x) < B 2 (t) V(t, x) G [0, 1] x R 2n with \x\ > r > 0; 

(iii) with B := H"(-,6) we have 

i f (B 1 ) i [i f (B ),i f (B ) + u f (B )]. 

Then (2.4) has a nontrivial periodic solution x = xq. 
Under the further assumption that 

(iv) u^(Bq) = and \i^(Bi) — (Bq)\ > 2n, (2.4) has two nontrivial periodic solutions. 
Theorem 2.11. Assume that 

(i) V"(t,x) is continuous and is bounded for (t,x) G [0, 1] x R 2n , V'(t,0) = 9; 

(ii) there exist B 1: B 2 G L°°([0, 1]; GL s (R n )) satisfying f s (Bi) = i s (B 2 ), v s {B 2 ) = and 

Bi(t) < V"(t,x) < B 2 (t) V(t,x) G [0,1] x R n with \x\ > r > 0; 

(iii) with B := V"(-,9) we have 

f(B 1 )^[i s (B ), i s (B ) + u s (B )}. 

Then (2.9) has a nontrivial periodic solution. 
Under the further assumption that 

(iv) v s (Bq) = and \i s {B\) — i s (Bo)\ > 2n, (2.9) has two nontrivial periodic solutions. 

Remark. Theorems 2.6 and 2.9 were obtained already in [1] as special cases of a result con- 
cerning the first kind operator equation. However, the inequality (2.1) in [1] should be replaced 
by 

a(x,x) + Ao||x||x > c||a;||^, V x G Z 
for some positive constants Ao and c. 

3 A new reduced functional 

In this section we will construct a new functional to investigate (1.1). The method comes from 
Section 2.1 of Chapter IV in [4] and [12]. Because every eigenvalue of A is isolated, there exists 
e > such that A e := A + el : D(A) C X — > X is invertible and the inverse A^ 1 : X — > X satisfies 

ll^- 1 !!^- (3.i) 
n 



Set § e (x) = ®(x) + ^e||x|| 2 . Then (1.1) is equivalent to the following equation 

A e x - & e {x) = 6. (3.2) 

Obviously D(A £ ) = D(A),A e : D(A) C X ->• X is selfadjoint and cr(v4 e ) = a d (A e ). Let {^} be 
the spectral resolution of A e . There is an orthogonal decomposition: 

X = X+ ® x° ® x~ 

where X* = P*X for * = +, 0, - and P+ = / °° dE' x , P° = dE' x , P~ = JZ^ dE' x and /3 > 0. 
And from now on we always assume that —j3 G p{A e ). Let x G -D(A e ) be a solution of (3.2). Set 
x = x + + x° + x~, u = n + + n° + n~,ti ± = \A e \zx ± ,u G = \A e \^x G . Because A e x = \A e \(x + — x° — x~), 
u = \A € \^x satisfies the following equation 

u + - u° - vT - \A € \-^' e (\A e \-^u) = 6. (3.3) 

Note that V = D(\A\z) = D(\A t \^). Similar to page 189 in [4] by Chang, we define the functional 
as follows 

¥>(«) = \h + \\ 2 - lh°\\ 2 ~ lh~\\ 2 - M\A\~^u), V u G X. (3.4) 
The Euler equation of this functional is (3.3). We only discuss the case: 

a {A) is unbounded from below. (3.5) 

After that we will find that if <r(A) is bounded from below, the things related are much simper. 
Since (3.5) holds, dimP~X = +oo and the Morse (negative) index at any critical point is always 
infinite. In order to use Morse theory to investigate (1.1) we need to obtain a reduced functional 
having a finite Morse index at any critical point. To this end, we use the method from [12]. Note 
that (3.3) is equivalent to the following system: 

u + - u° - (P+ + P°)\A e \-^' £ (\A £ \-^u) = 9 (3.6) 
-u~ -P-\A e \-*& e (\A e \-*u) = (3.7) 

We will solve (3.7) for u°, u + fixed. Denote the Frechet derivative of <&(x) with respect to x in V 
by & v (x). Because (& v (u),v)v = ($>'(u),v) for any u,v G V, (3.7) has an equivalent form 

u~ = -P-(\A £ \- l 2)*^' eV (\A £ \- l 2 U ). (3.8) 

Set N{u~) = -P~(\A e \~^)*^' eV (\A e \~^(u + +u° + u~)) for any u~ G X~. It suffices to prove that 
||jV"(uJ") — AA(u^)|| < a\\v,i — u^W for some fixed a G (0,1) and any u^,u^ G X~. In fact, let 
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&y(x) denote the second Frechet derivative of with respect to x in V. It is also easy to check 
that (&y(x)u,v)v = (®"(x)u,v) for any x,u,v G Thus 

= P-{\A e \-h)*& eV (\A e \-h(u + + u° + u7)) - P-(|^ e |-^)*$ / ey (|^ e |-5(u + + u° + uj)) 
= F-(|^|-5)* /* ^V(|^|-5( u + + u o + ^ + (1 - ^-))^|A e |-5(uJ- - U2 ) 

JO 

= p-|A £ |-3 / ^(\A e \- 1 2(u+ + u° + 0u^ + (I - 6)u 2 ))d6\A e \-^(ui -uz) 
Jo 

Let {ej} be the orthonormal basis of X as in Section 1 and A t ej = X'^ej where A^ = Xj + e are all 
eigenvalues of A t satisfying A^- < A^ +1 Vj and A!,- — > ±00 as j — > ±00. Then for any x = Cjej G X 
we have i 3- (| A e | — i )a? = £y Cj (— A' )"5 e-,- and 

J<-/3 



Thus 



|P-|^|-H<^. (3-9) 



And by assumption (i) there exists M > such that 

||$"(x)||<M, \\$"(x)\\ < M V x G X. (3.10) 

Hence ||JV(«J) < - it7/||. Let /3 > be large enough such that ¥ < 1. Then 

Af(u~) = u~ and equivalently (3.7) has a unique solution u~ = u~(u + ,-u°) G C 1 (X + © X°,X~). 
Define 

o(u + + u°) = ip(u + + u° + u _ (u+, u )). (3.11) 
A critical point of a(u + + u ) corresponds to a solution of (3.2). In fact, 

a\u + + u°) =u + -u°- («-')*«- - (p+ + p° + («-')*p _ )(i^r')**ev(i^r^«) 

= u+ - u° - (P+ + P°)\A e \-^' e (\A e \-^u), (3.12) 

where u = u + + u° + u~ and u~ satisfies (3.7). Hence, a'(u + + u°) = if and only if (3.6-3.7) hold 
and equivalently (3.3) holds. Thus, we have the following proposition. 

Proposition 3.1 Under assumptions (i-ii) of Theorem 1.1 the functional a(u + + u°) defined in 
(3.11) belongs to C 2 (E), and every critical point u + + u° corresponds to a solution x = \A e \z (u + + 
u° + u-(u + + u )) of (3.2). 



13 



In order to prove Theorem 1.1 we need to investigate the Morse index of a(u + + u°) at a critical 
point. Let us calculate a"{u + + u°) now. From (3.8) it follows that 

- p-\A e \-^^{\A e \-^u)\A e \-^{P + + P°) = (P- + p-\A e \-i&t{\A e \-?u)\A e \-?p-)u-' (u*). 

From (3.9-3.10) for f3 > M the operator on the right side is invertible and 

u~\u*) = -{P- + P-lAJ-i^dAJ-^u^AJ-tp-)- 1 
p-\A e \-^"(\A e \-^u)\A e \-^(P+ + P°). 

Thus, (3.12) implies 

a "{u+ + u°) =p+-p°- (p+ + p°)|A e r^<(i^r^)|A e r^(p+ + p° + u-V)) 

= P+ _ P o _ (p + + pQ)\A e \-v$»(\A € \-*u)\A e \-*(P + + P ) 
+(P+ + P )|^ e |-^<(|A|-^)|^ e |-5(p- 

+p~i^ e r5^'(|^|-5 U )|^|-5p-)~ i p-|^|-5^(| y 4 e |-5 U )|A e r5(p+ + p°), 

(3.13) 

where u = u + + u° + u~(u + , it ). 

In order to prove Theorem 1.1 we also need a lemma. Let X be a Hilbert space and / £ 
C 2 (X,R). As in [4, Chapter 1] let X = {x G X\f'(x) = 9},f a = {x G X|/(x) < a}. If 
/'(x) = 6,c = f(x) we say that x is a critical point of /, and c is a critical value, c G R is called 
a regular value of / if it is not a critical value. For any x £ K, f"(x) G L S (X) is selfadjoint. We 
call the dimension of the negative subspace denoted by m~ (f" (x)) corresponding the the spectral 
decomposing the Morse index of x, and m°(f"(x)) := dimkerf"(x) is called the Morse nullity 
of x. If f"(x) has a bounded inverse then x is called non-degenerate. For any two topological 
spaces Y C X let H q (X, Y;R) denote the gth regular relative homology group. For an isolated 
critical point x, the qth critical group is defined by C q (f, x) = H q (f c n U, (f c \ {x}) n C7); R) for any 
neighborhood U of x with U C\K = {x} and c = f(xo). From [4, Chapter II Theorems 5.1 and 5.2] 
we have the following lemma. 

Lemma 3.2. Assume / G C 2 (X, R) satisfies the (PS) condition, f'(6) = 9, and there is a 
positive integer 7 such that 7 g [m-(/"(0)),m°(/"(0)) + m - (/"(0))] and H q (XJ a ;R) = <5 97 R for 
some regular value a < /(#). Then / has a critical point Po ^ 9 with C 7 (/,po) 7^ 0. Moreover, if 
is a non-degenerate critical point, and rn°(f"(po)) < (7 — m~(f"(9))\, then / has another critical 
point pi ^po,9. 
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4 Index theory for linear self-adjoint operator equations 

In this section we investigate the Morse index of a"(u*) obtained in the last section. This is a 
continuation to prepare for the proof of Theorem 1.1. The method comes from [13-14]. For any 
B G L S (X), we set B e = B + el where e > satisfies (3.1), and there exist large numbers j3 > M > 
such that 

\\B\\ < M,\\B e \\ < M. (4.1) 

Then 

WP-\A e \-\B e \A e \-\p-\\<j (4.2) 

and P~ + P~\A € \~^ B e \A e \~^ P~ : X~ — > X~ is invertible. Motivated by (3.13) we consider the 
following bilinear form 

qA,p-B{u*y) = \{u + ,v + ) - ^(u°,v°) - ^\A £ \-hB e \A e \-^u*,v*) 
+ |(|A e |-ii? e |A e |-^^-(^- + ^-|^|-5i3 e |^ e |-|^-)-i^-|^ e |-|i ?e |A e |-^ M *,^*), (4.3) 

where u* = u + + u°, v * = v + + v belong to E := X + ® X°. Define 

Bu* = 2PV + (P + + P°)\A e \-^B e \A e \--2u* 

-(P + + P°)\A e \-^B e \A e \-^(p- + P~\A e \~^ B t \A e \-^ p-y 1 p-\A t \~^ B e \A t \-^ u * . (4.4) 

Then qA,p-,B(v*, u*) = \[(v* ,u*) - (Bv*,u*)} for any v*,u* G E. And B : E — > E is self-adjoint and 
compact. By the spectral theory there is a basis {ej} of E and a sequence jij — > in R such that: 

Bej = fXjej; (ej,ei) = Sij. (4.5) 

For any u* G -E 1 , which can be expressed as u* = Y^jLi c j e j 

oo 

Define 



EaAB) : 


= {E c i e i 
i=i 


| C j = if 1 


-m >o}, 


E%(B) : 


oo 

i=i 


| Cj = if 1 




^(*) : 


oo 


| Cj = if 1 


-^<o}. 
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Obviously, E~^{B), E° A ^(B) and E+^(B) are g A/ j ;B -orthogonal and E^ p ( B )® E \f)( B )® E %p( B ) = 
E. Since — > as j — > oo, EJ p(B) and E\^{B) are two finite dimensional subspaces. 

Definition 4.1. We define 

:= dim E% p {B),i A A B ) ■= dim ^(^). 

Proposition 4.2. We have the following results: 
(i)v A A B ) = dim(ker{A - B)); 
{\\)iA^{B) is the Morse index of qA,/3;B'-, 

(iii) For any Bq,Bi € L S (X) satisfying Bo < B\ and Bo < B\ with respect to ker(A — B\) 
V A G [0, 1) where B\ = Bq + A(i?i — i?o) if the subspace is not trivial, we have 

U,/9(-Bi) - U^(-Bo) = S A e[o,i) l/ ^/3(- B A)- 
Proof, (i) Fix any G £^ )/3 (B); by definition gA.ftB^*, «*) = V € E. It follows 

(P+ _ p°) u * - (p+ + P°)|^|-3B e |A e |-3u* - (P+ + P°)|A e |-^ e |A e |-^n- = 0, (4.6) 

where 

u~ = -(P~ + P~\A e \-^ B e \A e \-^ p-y 1 p-\A e \-^ B € \A € \-^u* , 
from which it follows 

vT = -P-\A e \-^B £ \A e \-^(u* + u"). 
Let x~ = \ A t \~2u~ , x + + x° = \ A e \~2 u*, and x = x + + x° + x~ . We obtain 

A e x- - P"B e x = 0. (4.7) 

From (4.6) we obtain 

(P+ _ p0 )n * _ (p + + P V)\A e \-\B e (\A e \-^u* + |i4 e |-3 U -) = 0. 

That is 

A t (x + + x )- (P + + P°)B e x = 0. (4.8) 
Combining (4.7) and (4.8) implies 

Ax - Bx = 0. 
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Thus, from the one to one correspondence u* i->- x = \A € \ '^{u* + u ) it follows that E Aj3 (B) = 
\ev(A - B). 

(ii) Assume X\ is a subspace of E such that Qa,8;B is negative definite on ATi with dimXi = k. 
Let be linear independent in X\. We have the decomposition Xj = xj + Xj with xj G 
E^p{B) and x* G £° i/3 (P) © E^(B). If there exist not all zero numbers a; £ R such that 
Z)i=i a i x T = On the one hand, x := X)i=i a i x i £ -Xi \ {$} an d Qa,p-,b(x, %) < 0; on the other 
hand, x = Ya=i a i x i e B A/3 (B) ®B A ^(B), an d Qa,/3;b(%,%) > 0. So {x~}f =1 is linear independent 
and ia,@{B) > k =dimXi. 

(iii) From Theorem 1.5(h) and (1.4), ia(Bi) — m(-Bo) = ^ xe[o,i) u a(B\), and there are at most 
finite numbers A G [0,1) such that ker(A — B\) / {9}. Set i(A) = iA,p{B\), = va,@{B\) f° r 
A G [0, 1). Let i3(A) be the operator similar to B in (4.4) only with B e replaced with B\ + el. We 
have the following lemma. 

Lemma 4.3. Let M > be large enough such that ||P || < M , \\Bi\\ < M, e < M and 
AM + e < j3. Then we have the following expression 

B{\) = B(X ) + (A - Ao)Bi(Ao) H + (A - A ) fc ^(A ) + • • • , 

where ^ : E — > E is selfadjoint and compact and satisfies 

||B fc (Ao)|| < ™, fc = 2,3,4..-, 

and 

Bi(Ao) = (P + + P°)(/ + S T )|A e r^i _ Bo)|^|-'(/ + S){P+ + P°), 
^ = -P-(P- + P-I^I-JB^I^I-SP-J^P-I^I-SB^I^I-S. 

Proof. We have 

P-+P-|^ e |-5(P A ) e |A e |-^p- 

= (p- + p-|A e |-3(B Ao ) e |^|-ip-)(p- 

+(A - A )(P- + P-lArkBxMAl^P'r'P'lArkBi - Bo)\A e \-hp-). 
:=Q 1 (P~ + (A-Ao)Qr 1 Q2), 

where Q 1 = P~ + P-\A e \-* (B Xo ) € \A e \- L 2p- , Q 2 = p-\A e \~^{B 1 - B Q )\A e \-*p-, \\Q?\\ < IZ V 
, IIQ2II < 2 -f- 

(P- +p-|A e |-5(P A ) e |A e |-^p-)- 1 
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= (P- + (\-\ )Qi 1 Q2)- 1 Qi 1 

= Qr 1 - (A — X )Q^Q 2 Q^ + (A - \ ) 2 (Qi 1 Q2) 2 Qi l + ■■■ 
Thus, the third term in B(X) is 

-QzQi l Ql + (A - X )[Q3Qi 1 Q2Qi 1 Ql - QzQ^Ql - QaQ^QI] + ■■■ 
+(A - \o) k l(-i) k+1 Q3(Qi 1 Q2) k Qi 1 Ql + (-i) k Q4(Qi 1 Q2) k - 1 Qi 1 Ql 
+(-^) k Qz{Qi l Q2) k ~ l Qi l Ql + {-if- l QA{Qi l Q2) k - 2 Qi l Ql\ + ■■■, 

where Q 3 = (P+ + P°)|^|-3 (B Ao ) e |A e |-5p-, Q 4 = (P+ + pO)|A e |"3(Bi - B )\A f _\^ p- . Then 
HQall < ^L, ||Q 4 || < ™L, HQ- 1 )! < —1^ and ||Q 2 || < ^. Thus, the results follow. 

Now we give the proof in three steps. 

Step 1. If v(X) = 0, then i(X) is continuous. Suppose that z^(Ao) = for some Ao G (0,1). 
Let S\ be the unit ball of E~^ JB\ ). Because the subspace is finite dimensional, Si is compact 
and qAfi;B x {u,u) is continuous with respect to (A,u) 6 [0, 1] x S\. Thus, for A close enough to Ao, 
QA,/3;B X is negative definite on Si and hence on E^p{B\ Q ). By (ii), i(X) > i(Xo). In the following 
we prove the inverse inequality. If i(A/) > i(\o) '■= k for A; — > Ao, then similar to (4.5) we have 

&{k)ei,j = Mjejj; {ei,j,ei,i) = &ij for an y l <h3 < k + 1, (4.9) 

where span{e/j} C E^^B^). By definition fiij = (B(Xi)eij,eij) is bounded in R for j = 1, • • • A? + 
1, and A/ G [0,1]. So we can assume e/j — 1 ej, fiij — > (ij and B(Xi)eij — > B(Xo)ej by gong to 
subsequences if necessary. Taking the limit in (4.9) we obtain 

B(X )e j = H e j . (4.10) 

By definition for j = 1, ■ ■ ■ k + 1, 1 + fiij < and {77-} is bounded in R. So 

eiJ = —B(X)eij -> — B(A )e j = 

in E 1 , and (ej,ej) = <5^j 1 < i,j < A; + 1. It follows that {e^-}^" 1 " 1 is independent. And for every 
u = J2i=i c j e j> since J2i=i c j e l,j u in E and 

fe+i fe+i 
QA,/3;B Xl Cjeij, J2 c J e i,j) < °' 

1=1 1=1 

taking the limit as / — > 00 we have 

9A/3;Ba ( u > u ) ^ 0- 
18 



This means that i(Xo) > k + 1, a contradiction. 

Step 2. If i/(X ) = does not hold for A G [0, 1), then i(X + 0) = i(X ) + ^(A ). From the 
argument above it follows that i(Ao + 0) < i(\o) + z^(Ao). Thus, by (ii) we need only to prove 
that q A ,/3-,B x (u, u) < for every u G E A/3 (B\ ) © E A p{B\ )\{9} with A — Ao > small. Let 
S = {u G ^^(i^Ao) © -E"^ p{B\ )\ \\u\\ = 1}. Because S is compact, we need only to prove that 
V u* G S there exists 5 > that for any (5 > A - A > 0, gA,/3 ; B A («*, f*) < if v* is close to u*. 

Case 1. Assume u* = u~ + u° G S*, u~ / 6*. It follows 

q A ,(3;B x (v*,V*) = q A ,(l;B Xo {v*,V*)+o(l) 

as A — > Xq. 

Because q A ,p-,B Xo {u~, u~) < 0, there exists a neighborhood U of u* in S such that V v* G U 

q A ,frB Xo (v*,v*) < ^q A ,p;B XQ (u-,u-). 

The results follows. 

Case 2. Assume u* G 5 fl £° >/3 (#A ) . 

By the proof of (i) (£>i(A )-u*, u*) > 0. There exists a neighborhood U in S such that W G J7, 
(i3i(A )f*, v*) > t?(£>i(Ao)u*,u*). It follows from Lemma 4.3 that 

qA,f};B x (v*,V*) < q A ,P;B Xo {v* :V*) - \{X - A )(B 1 (A )^, V*) + (X - A ) 

< -I(A-Ao)(Bi(Ao)u*,u*) + o(A- A ) 

< 0, asA ->■ Aj. 

Step 3. If z^(Ao) / for same Ao G (0, 1), then z(Ao — 0) = i(Ao). In fact, suppose i(Xq — 0) > 
i(Xo). As in Step 1, there exists A/ — > Aq and fii G a(B(Xi)) satisfying (ii — > 1 + . However, Lemma 
4.3 tells us 

B{X) = B(X ) + (A - Ao)Bi(Ao) + o(A - A ). 

By Rellich's theory (Theorem 3.9 and Remark 3.11 in pages 392-393 of [15]), its eigenvalue and 
associated eigenvector are holomorphic: 

fi(X) = 1 + (A - X )m + o(A - A ), 

u(X) = u + (A - A )ui + +o(A - A ), -B(A )u = u / 9. 

Thus, fii = (Bi(Ao)no, no) > and fxi = fJ-(Xi) = 1 + (A; — Ao)/Ui + o(A/ — Ao) < 1 as A/ — > Xq . This 
is a contradiction. ■ 
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Note that qA,p-,B{u,u) is not monotone with respect to B because of the last term. This is not 
convenient to the proof of Theorem 1.1. However, the inequality (3.9) implies that the last term is 
much smaller than the third term if (3 > is large enough. Thus, we can use the sum of the first 
three terms denoted by <]a,i3;b(u,u) instead, and we have the following proposition. 

Proposition 4.3 (i) Assume that B € L S (X) satisfies VA,p{B) = 0. Then for (3 > large 
enough, {c[a,i3;b(u, it)) 2 and (— q~A,P;B(u, it)) 2 are equivalent norms on E\ @{B) and E^ p(B) re- 
spectively. 

(ii) Assume that B\,Bi G L S (X) satisfy B\ < B-2,iA,p{B\) = iA,p(B2) and VA,p{Bi) = 
iAA B ?) = °- Then > for /? > large enough E = E+ J3 (B 2 )®E^(B 1 ). 

Proof. Recall that P+ = J^°° dE' x , P° = P$ = J%dE' x , P~ = p- = JZ^dE x X and the 
operator B defined in (4.4) depends on /?, so we denote it by Bp now. 

(i) We need only to prove that there exists 5 > such that 

(l-S,l+S)f]a(Bp) = Hi (4.11) 

if (3 > 0o for some /3 > large enough. Otherwise, there exist fa — > +00, ji k — > 1 and unit vector 
e* k G E satisfying 

%4 = Mfe4- 

By definition we have 

(/i fc - 2)P°el + » k P+e* k = (P + + PS)\A\- *B e \A\-h% - (P + + P^)\A £ \-^ B e \A e \~h k , (4.12) 

where e k = (P k + P fc -|A e |"§ B e \A e \~^ P^P^A^ B e \A e \-h* k , P fc ° = P$ k , P k = P^ and 
Bk = Bp k . Assume e k — e = e + + e°, then e^" — 1 e + , — 1 e° and |A e | _ 2e£ — >■ | A e | ^ 2 e. By 
(4.11), -»• e+ = P + \A e \-^B e \A e \-h, e° k e° = (7 - P + )|y4 e | _ 2B e |^ e | _ 5e. Thus ej; -> e and 
IMI = ll e fell = 1- O n the other hand, it follows that e + + e° = |^4 e | _5 B e \A t \~2 e, and A e x = -B e x 
with x = |A e |~2e / 0, a contradiction. 

By definition, for /3 > /3b and it = X)i-^->o c j e j e ^Ap(B) it follows 

sup{l-/ij|l-A*j > 0}||u|| 2 > gA,/3;B(w,u)) > 5||u|| 2 . (4.13) 

And by (4.1), (4.2), (4.3), 

M 2 

\qA,(3;B(u,u) - q A ,f);B{u,u)\ < _ M J M| 2 - ( 4 - 14 ) 
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Thus, for (3 > large enough, (qA,/3-B(u, u)) 2 is an equivalent norm in E\ p(B). 

(ii) Assume u belongs both E^piBz) and E^p(Bi). By definition and the result in (i), 

> qA^B^u) > q A ,f3;B 2 {u,u) > 0. 

Thus, u = 9. Now we need only to prove that E = E\ p{B 2 ) + Ejp{Bi). In fact, let {ej}\ 
be a basis of E^p(Bi). We have the decomposition ej = ej + e+ with ej G E' A ^{B 2 ) and 
e+ G E\^{B 2 ). If there exist not all zero numbers Cj G R such that J2j=i c j e J = On the 
one hand, x := X)?=i c j e j e ^4/3(^1) \ {9} and qA&B-t (%, %) < if /3 > is large enough; on 
the other hand, x = Ylj=i c j e ^ £ E\p{B 2 ), and q~A,P;B 2 { x i x ) > if /? > is large enough. 
This is a contradiction. So {ej}^ =1 is linear independent. For any u £ E, u = u~ + u + with 
u~ G E^JB 2 ),u + G E^JB 2 ). There exist {c,-}j? =1 C such that u~ = Y!j=i c j e ] ■ Thus, 
u = Ei=i c jej + («+ - Ej=i cj-et). | 



5 Proof of Theorem 1.1 

In this section we prove Theorem 1.1. We have the following two propositions. 

Proposition 5.1. Under assumptions (i-ii) of Theorem 1.1 a(u*) satisfies the (PS) condition. 
Proposition 5.2. For c > 0(such that — c < /(0)) large enough, we have 

H q (E; a_ c , R) * S^R, q = 0, 1, 2, ■ ■ ■ , (5.1) 

where 7 = ^(-Bi)- 

Proof of Proposition 5.1. Assume that {u++w°} is a sequence in E such that a'(u^+u^) — >■ 
in £. From (3.12), 

a'(«+ + u° n ) = ut-u° n - (P + + P°)|^|-^' e (|^|-^ n ) 
u~ = -P-\A £ \-*& t (\A t \-*u n ), u n = u+ + v° n + u~. 

We claim that + u^} is bounded. If the case is not true, then ||u n || > \\v£ + — )■ 00. 
From assumption (ii) it follows ^(l^pai^) = B e {\A e \~^u n )\A e \~^u n + C n satisfying C n G A is 
bounded and 

Bi < B(\A e \-^ Un ) < B 2 . 

Let y n = n„/||u n ||. Then 

vt-vl-Vn- \A t \-^B e {\A e \-^u n )\A\-^y n - 1 1 ^ 1 1 ~ 1 1 | ~ ^ -> 0. (5.2) 
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Because ||y„|| = 1, B{\A e \~^u n ) G L S (X) is bounded and X is separable, we can assume as in [1, 
page 81] that y n — 1 y in X and PdA^ - ^,^ Bx for any x G X and some P € L S (X) such 
that Pi < B < P 2 , by going to subsequence if necessary. Because \A e \ ~2 ; E — > E is compact, 
\A e \~5 B e (u n )\A € \~5y n — y \A £ \~5 B e \A € \~^y, and from (5.2) it follows that y n — > y and 

y + -y°-y-- lA^'^B^A^y = 

Set x = \A t \~^y. Then x / since ||y|| = 1, and Ax — Bx = 0. This is impossible because 
Proposition 1.5(iv) implies that va{B) = 0. And the proof is complete. | 

In order to prove Proposition 5.2 we need the following two lemmas. 

Lemma 5.3. Suppose assumptions (i-ii) in Theorem 1.1 hold. Then there exists Rq > such 
that 

< a [u\ + ii 2 ), w 2 — u\ > 1 as ||-u 2 || > Ro, or ||ui|| > Ro, (5.3) 

where u 2 G JB2) and u\ G E^JB\). 

Proof. For any u + + u° = u\ + u 2 with -u 2 G P^^P^ and u\ G PJ^(Pi), from (3.12) and 
assumption (ii) we have 

< a'(u + + u ),u 2 - ui >= («+ -u°- (P+ + P )|A e |-5(B e (|^ e |-^)|^r^ + C(\A\-*u)),U2 

= ((P+ - P> 2 - (P+ + P°)P e (|^|-^)|^r5 U2 , U2 ) 

_((P+ _ p0) Ul _ (p+ + p°)B e (|A e |-5«)|A e |-5«i,«i) + r(m,« 2 , /?) 

> qA,/3;B 2 (.U2,U2) ~ <L4,/3;Bi «l) + U 2 , 

where u = ii 2 + ui + u~ and 

U - = -P-|A e |-5$' e ( u )(|A e |-5u) = -P-IAel-^Bed^l-StiJI^I-Iti + ^1^1-51*)) 

r(«i,«2,/3) =-((P + + P )|A e |-5( J B e (| J 4 e |-5 U )| J 4 e |-^- + C(|^|-^)), U2 - Ul ). 

From assumption (ii), let M > such that ||P e (x)|| < M, ||C(x)|| < M Vx G X. A simple 
calculation shows that 

Hu-IK ^ M Hill I MV ^ (5 5) 

l|U 11 " (/3-M)^" ll + /3-M' (5 - 5j 



and 



|r(tii,«2,j9)| < M( - M M)e (IKII + KID + 1 + |^§)(HH + IM). 
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Then (5.3) follows from Proposition 4.3(i) and (5.4). The proof is complete. | 
Lemma 5.4. Let i?o be defined in Lemma 5.3. Then a(u2 + u{) — > -co uniformly for U2 € 

Proof. Because 

<S>(\A e \-^u) = f 1 (<S>' e (\A e \-^u0),\A e \-^u)dO 
Jo 

,.\ 

= / {B e (\A £ \-^u9)\A e \-^ue + C(\A e \-^u9),\A e \-^u)d6 
Jo 

> ^{{B{) t \A e \-^u, \A e \-~2u) - ^|H|. (5.6) 

By assumption (ii), for any u° + u + = u\ + U2 with U2 G E\ ^(-62) H Br ,u\ G E^^Bi), 

a{u 2 + ui) = ^||u + || 2 - i 1 1 1 1 2 - ^IMI 2 - ^ed^r^u) 
1 C 

for /3 larger enough and some constants C2 > 0, C3 > 0. Here we used (5.4) and (5.5). By (4.11) 
(4.13) and (4.14) \qA,P;Bi(ui, u i) + "^H Ul H 2 < for /3 larger enough. Thus, a(u2 + u\) — > —00 as 
1 1 -til || — > 00 uniformly for 112 € -ETj^-E^) for /3 > larger enough. The proof is complete. | 

We will use Lemma 3.2 again to investigate critical points of the functional a{u + + u°) and we 
need to calculate some relative homology groups. As in Chang[5] and in Mawhin-Willem[16] we say 
that the topological space pair (X' ,Y') with X' C Y' is the deformation retract of a topological 
space pair (X, Y) with Y C X if X' C X, Y' C Y and there exists 77 : [0, 1] x X ->■ X satisfying 

7/(0,-) =id x , V (l,X) cX', V (l,Y) CY, V (t,Y) c y, 

and 

r){t,-)=id x ,,Vte [0,1]. 
It is well-known that if (X',Y') is a deformation retract of (X, Y), then 

F; R) * F'; R), q = 0, 1, 2, • • • . 

For any X C Y C Z if there exists r : [0, 1] x Y ->■ Y satisfying r(0, •) = idy,T(l,Y) C Z and 
T"(t, -)z = idz, then Z is called a strong deformation retract of Y. And from a result in [16, page 
171] by Mawhin-Willem we have 

H q (X, Y; R) * Z;K),q = 0, 1,2, ■ ■ • . 
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Proof of Proposition 5.2 Set M Ra = (E+ J3 (B 2 )r\B Ro )®E^(B 1 ),a(t,u) = e~ l u 2 + e*m 
and T u = In 1 1 1*2 1 1 — mi?o if u = u 2 + ^1 an d 11^2 1| > Ro- Here i?o is defined in Lemma 5.3 and 
B R := {u e E\\\u\\ < R}. Define 

ri(t,u 2 + ui) = u 2 + ui,\\u 2 \\ < Ro, 
= a(T u t,u),\\u 2 \\ > Ro- 

By Lemma 5.3 it is easy to verify that (M.r ,A4r f] a c ) is a deformation retract of (E, a c ) for any 
c G R. And hence, 

H q (E,a c ;R) =H q (M Ro ,M Ro f]a c ;K), q = 0,l, 2, ■ ■ ■ . (5.7) 
Now we begin to prove that 

h^MrvMro f>-c; R ) - ^7 R > 

where — c < a(#). By Lemma 5.4, there exist T > 0, ci > c 2 > T, i?i > R 2 > i?o such that 

Mil C a_ Cl p| M Ro C AAr 2 c a_ C2 f| C A/"r , 

where Mr := {E\^{B 2 ) f] Br^) ^(E^B^Br) for any R > 0. For any u G Mr n(o-c 2 \ «- Cl ), 
since a(t,u) = e~ f u 2 + e l ui,a(a(t,u)) is continuous with respect to t and a(cr(0, u)) = a(u) £ 
(-ci,-c 2 ]. From (2.21) 

-^a(a(t,u)) = (a'(a(t,u)),a'(t,u)) 

= (a'(e~'u2 + e*«i), -e~ l u 2 + e'«i) < -1 

as t > 0. So the time t = Ti(u) arriving at a_ Cl H A^_r exists uniquely and is defined by a(a(t, u)) = 
—C\. The continuity of t = T\(u) comes from the implicit function theorem. Define 

r)i(t,u) = u, x£a- Cl f^\M 

= cr(Ti(u)i,u), u G .M P|(a„ C2 \a_ Cl ); 

and 

772 «) = «, ll^ill > Ri 

= u 2 + iui + (1 



- t) T1 — 77 Ri, ||xi|| < 



Pi 
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By the map rj(t, u) = rj 2 (t, rji(t, u)) we can verify that (E\^(B 2 ) fl B Ro ) © (E A ^(Bi)\int(B Rl ) is a 
strong deformation retract of M f] a_ C2 : 

V (t,u) = u V u G (EX^B 2 )f]B Ro ) © {E^{B{)\int{B Rl ),t G [0,1], 

»/(0,u)=« and 7/(1, -u) G (£+^(£2) f| 5^) © (^(Bi)W(Bfli), V uG-Mfa^. 

From a result in [16, page 171] it follows that 

H q {M,Mf)a„ C2 ;-R) 
= H q {{E% p {B 2 ) f) BbJ E^B,), {E% p {B 2 ) f) B^) 0(^ /3 ( J B 1 )\mi(B i?1 )); R) 
- H q {E^ p {B{) f) B Rl ,d(E^j 3 (Bi) f| R) 



— <5gi,R. 



Therefore, combining (5.7) implies that (5.1) holds and the proof is complete. | 
Proof of Theorem 1.1. From Proposition 4.2 (hi), Definition 1.3 and Theorem 1.5(h) 

U^CBi) " m-(a"(e)) = u,/j(#i) - U^o) = u(#i) - m(B ). 

So assumption (hi) implies that 7 = iA,p{Bi) i [iA,p{Bo),iA,p{Bo) + v A ,p{Boj\. And v A ,p{Bo) = 
means that is a non-degenerate critical point; va{^"{xq)) < \ia{B\) — ia{Bq)\ implies that 
m°(a"(xo)) < \iA,p(Bi) — iA,p{Bo)\. By Lemma 3.2 and Propositions 5.1 and 5.2, the proof is 
complete. | 
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